The interband dynamics of a two-band Bose-Hubbard model is studied with strongly correlated bosons forming single-site double occupancies referred to as doublons. Our model for resonant doublon interband coupling exhibits interesting dynamical features such as quantum Zeno effect, the generation of states such as a two-band Bell-like state and an upper-band Mott-like state. The evolution of the asymptotic state is controlled here by the effective opening of one or both of the two bands, which models decay channels.
I. INTRODUCTION
The Bose-Hubbard (BH) Hamiltonian is a celebrated many-particle model describing atoms trapped in a periodic array of potential wells [1] . The simplest version of this model, the single-band Bose-Hubbard Hamiltonian, already accounts for a plethora of interesting physical phenomena which have been investigated in experiments with ultracold quantum gases and optical lattices formed by laser beam interference patterns [2] . These setups provide a high degree of system control as, for instance, of the lattice depth that rules the inter-well particle tunneling, and of interparticle interaction tuned via Feshbach resonances [2] . The combination of this two components permits the implementation of the remarkable idea of quantum simulation that allows for the understanding of the underlying physics of complex systems in a clean manner [2, 3] . However, a whole set of physical phenomena are left away within the single-band approach. An example is the Landau-Zener transitions reported in Refs. [4] [5] [6] and theoretically tackled using mean field methods [7] . Yet, the limit of strongly correlated particles is more challenging to treat since the BoseHubbard Hamiltonian extended to higher bands contains a lot of new single and many-particle processes rendering the system overwhelmingly complex [8, 9] .
The effects of higher Bloch bands on the single-particle dynamics [10] and on the spectral statistics of the singleband approach [11] were studied. One may address the problem by restricting the Fock space to a two-band Bose-Hubbard Hamiltonian, where the interband coupling is induced via an external field [8, 9] . In this paper we are interested in the two-band Bose-Hubbard Hamiltonian assuming strong correlation between the particles constraining the single-site interband coupling to occur only when there is more than one particle in one site. Our constrained model, that allows only for specific interband tunneling processes, is a special situation of the full twoband model recently studied in the different context of periodic driving [12] .
We explore the dynamical possibilities arising from coupling the system to decay channels, e.g. corresponding to higher energy bands, which are neglected in our model. Thus, the effective "reservoir" consists of the continuum part of the Wannier-Stark spectrum [4, 5, 10] . Our motivation to explore the dynamics of an open twoband system is inspired by recent works reporting emergent phenomena induced by loss. Examples are the work on quasi-dissipation free subspaces of entangled atomic Bell-like states [12] , localization of BECs via boundary dissipation [13] , entanglement detection [14] , the possibility of controlling many-body quantum dynamics by localized dissipation [15, 16] . Dissipation replaces the continuous observations required to observe a quantum Zeno effect [6, [17] [18] [19] [20] . The engineering of controlled onsite dissipation channels has been developed in recent experiments [20, 21] such that the range of possible experimental applications is continuously increasing. Modern experimental methods may as well allow for addressing individual bands in a lattice by state-selective excitation processes, see e.g. [4] . The motivates the application of decay channels with independent rates in our system. This work is organized as follows. In Sec. II, we introduce our constrained two-band BH model to study correlated interband dynamics. We also sketch how our model can be extracted from the full two-band BH model [9] and the specific set of interband phenomena it aims to represent. In Sec. III, we briefly present the methodology to study correlated interband dynamics. Sec. III A presents results regarding the emergence of the quantum Zeno effect in the interband transport, and the conditions under which it appears. In Sec. III B, we show how by controlling the ratio between the dissipation rates of the bands one can prepare interesting superposition states, arXiv:1706.09567v1 [cond-mat.quant-gas] 29 Jun 2017 in particular those Bell-like states already found in [12] . Finally in Sec. IV we present a brief summary and conclusions of our work.
II. PHYSICAL SYSTEM AND HAMILTONIAN
Our Hamiltonian, see Eq. (1) below, is a restricted model of a much more complex system introduced and discussed, e.g., in our previous works [9, 12] . It has the great advantage that the complexity is much reduced taking into account only the dominant interband couplings under specific resonant tunneling conditions. The first part corresponds to two independent copies of the tilted single-band BH chain, with the external field with magnitude F defining the Wannier-Stark force. The second part describes interband coupling restricted to single-site occupation number, i.e., there will be transitions only if an individual site is occupied by more than one particle. The dynamics is induced by two transport processes: first, the intraband hopping of particles between nextneighboring sites, and second interband tunneling of socalled doublons [22] [23] [24] . Altogether, these processes are described by the following effective Hamiltonian:
Here, α = a (b) refers to the lower (upper) band,α † l (α l ) are bosonic creation (annihilation) operators with J α the hopping amplitude of each band, andn α l the number operator. The on-site interparticle interaction strengths are W α and ∆ g stands for the on-site energy bandgap. The interband coupling is represented by the G-terms. Such a coupling implies that only when there are more than one particle in a single site anywhere in the lattice one particle will be promoted to the other band. Its respective counterpart implies the increase of a single-site occupancy wherever there is at least one particle (see G x process in Fig. 1-(a) ). In the case of unitary filling condition for the lattice, i.e., N/L = 1 for any N , the most probable higher occupation of a single lattice site is a double occupancy, therefore, it is expected to get doublonmediated interband dynamics. In addition, we have an external Stark field F that helps us to tune different resonant regimes [12] .
In Fig. 1 -(a) we present a scheme of the different processes considered in the effective model, and of those that we do not take into account from the original full Hamiltonian (see Fig. 1-(b) ). Note that the HamiltonianĤ is not hermitian since the unperturbed energies contains the imaginary number −iΓ α representing the effective opening of the system, i.e., decay rates for every band. This implies that the eigensystem ofĤ consists of a set eigenvalues of the form ε i = E i − iΓ i /2 and metastable eigenstates with the lifetime τ i ∼ 1/Γ i .
A resonant tunneling between two-and single-particle levels is expected as a consequence of the interband G x coupling term in Eq. (1). Here, there is no need for a time-dependent driving as in Ref. [12] and G x is taken constant in what follows. We consider the following possibilities for the initial conditions for our time evolution:
The difference between the initial states is just the presence of the Stark field at t = 0. The two initial states can be dynamically connected by the hopping term [23, 24] , hence the time evolution is expected to be equivalent, if not the same. We consider decay rates Γ α J α , where J α {U α , ∆ g }. This means that decay is slow and the total particle number tends to be preserved with high probability. Then our effective Hamiltonian approach is a good approximation to more complex master equation approaches, see e.g. [25, 26] .
In all numerics we compute the time evolution operator
(t )dt . With the help ofÛ t , we compute the time-evolved many-body state starting from a given initial state |ψ 0 . The figure of merit to study the interband dynamics is the population inversion, i.e., the population imbalance between the bands defined by
Our study is divided in two parts. We first consider the situation in which only the upper Bloch band is open, i.e., Γ a = 0 and Γ b = 0. In this limit, it will be shown that quantum Zeno-like dynamics occurs induced by the dissipative process during the promotion of particles to the upper band. Secondly, we explore the dynamical consequences of simultaneously opening both Bloch bands what results in the formation of a Bell-like state.
III. NUMERICAL RESULTS

A. Quantum Zeno effect in the inter-band dynamics
A quantum system prepared in a meta-stable state can be dynamically locked/frozen by means of continuous observations [17, 20] or by the control of the system via temperature and entropy [27] . This phenomenon, known as quantum Zeno effect, is a paradigm of the measurement process in quantum mechanics. We now show how the quantum Zeno effect occurs in our system thus changing radically the expected interband transport (See Refs. [8] ).
Let us start considering the decay rates only in the upperband, i.e., Γ b = 0 and Γ a = 0, and the system defined by the filling factor N/L = {2/2, 4/4} corresponding to N particles in L lattice sites. The initial state is taken as the lower-band Mott state |111 · · · ; 000 · · · which is dynamically evolved with a fixed tilting F 0 = W a /2π ensuring the resonant activation of the interband dynamics. This occurs in a time scale in which many hopping processes are allowed, leading to occasional double occupancies (doublons) in the lower band. Let g be the dissipation control parameter, i.e. Γ ∝ g. In Fig. 2-(b) we see that the interband dynamics shows collapses and revivals for g = 0 at certain times, similar to those predicted in Ref. [8] . Here we have neglected the interband coupling term G b since it does not change relevantly the results of this section. Yet, setting g = 0 we see that the role of the dissipation is to freeze the dynamics and the initial state, |111 · · · ; 000 · · · , is assymptotically recovered (see Fig. 3 ). We stress that our Hamiltonian, see the sketch in Fig. 1 , couples both bands, and that the decay occurs from both bands to outside the system. Hence, the observed suppression of upper-band population is non trivial. Indeed, it reflects nothing but the onset of the quantum Zeno effect [6, [17] [18] [19] . To see this in a clean way, we compute the long-time average of M t defined as M t = lim τ 1/|Ja| τ 0 M t dt /τ . In Fig. 2-(c) we plot M t as a function of the dissipation strength g (continuous line). The tail of this curve follows a power-law decay M t ∝ g −1 . Note that this behavior is preserved even in the present of the interband coupling term: W x ln a ln b l , (see panel Fig.1-(b) ) where W x = (0.1 . . . 1) × W a . Additionally, the inset shows the decay time T of the signal M t as a function of 1/g, with a linear growth of T ∝ 1/g, a clear signature of the quantum Zeno effect [14, 18] . The dots in Fig. 2-(c) correspond to the results for N/L = 4/4. We can see that the effect is still preserved for larger system sizes. In Fig. 3 , we show how the initial condition, the Mott state |111 · · · ; 000 · · · , is dynamically recovered after some time. For short, we initialize the system one step forward, that is, we directly evolve states with double occupancies |2020 · · · ; 0000 · · · . Note that including the term W x just delays the effect rather than washing To constrain the dynamics of a quantum system to a convenient subspace of the full Hilbert space is one of the hardest but, nevertheless, interesting open problems in quantum control theory. Besides, dissipation has always been related to the onset of decoherence which induces a strong mixing of a large number of accessible states. Yet, there have been advances towards quantum control by means of controlled dissipation processes, see e.g. [14, 16, 26] . This has found applications in the emerging field of atomtronics [28, 29] .
Here, we show how the asymptotic dynamics governed by Eq. (1). First, we study the case G b = 0 that yields a steady state with a structure resembling a Bell state. Secondly, we show that including G b = 0, the asympotic state takes the shape of a Mott state in the upper band. The latter result gives a possible way of creating such states.
To start, we evolve a lower-band Mott state for different ratios of the dissipation rates of every band g ≡ Γ a /Γ b . In Fig. 4-(a) main panel, we present the results for the minimal system N/L = 2/2. We see that for values of g > 1, M t approaches zero in two steps. Firstly, it goes to M t ≈ −0.2 oscillating rapidly, and then after a time interval M t reaches (smoothly) the interband balance population value M t ≈ 0. At this point, the resulting asymptotic state takes the form |ψ t 1/|Ja| = 1 √ 2 (|10; 01 +e iφt |01; 10 ), at which the dynamics remains frozen. This kind of state is also seen in the full model studied in Ref. [12] . There it was associated with a symmetry related to the inversion of the on-site population of the bands. The structure of the |ψ t 1/|Ja| resembles a Bell state. (|10; 01 +|01; 10 ). The larger the value of g the faster we reach |ψ Bell . The inset shows the results taking the Gx-terms into account with G b = Ga = 0.09. We see that the saturation is no longer about M t → 0 but M t → 1, which implies that the asymptotic state is no longer of the Bell type but a Mott state |ψMott = |00; 11 . (b) Longtime average of Mt as a function of g. The BH parameters are the same as in Fig. 2 . For the 2/2 system (dashed line), we reach a saturation point at M t ≈ 0. However, for 4/4, the system (green line) reaches the saturation point at M t ≈ 0.5, and the final state is a superposition dominated by the state |1000; 2010 . When G b = Ga, M t ≈ 1 in the 2/2 system (red line) and in the 4/4 system (circles). By inspection we find that the asymptotic state takes the form of a upper-band Mott state in these cases.
Following [12] , this association becomes clearer when transforming the Fock basis to a new picture therein called the w l -representation. It follows that we can construct new states that have the form
. Therefore, the asymptotic state can be uniquely written as
with the phase factor obtained from the numerics. This notation is only helpfull if the states involved in the dynamics fulfill the condition n a l + n b l = 1. The Bell-like structure of the state clearly appears and we can ensure that the asymptotic state is maximally entangled. The inclusion of the W x -term does not change the shape of the asymptotic state but the transient dynamics, i.e., the stabilization time as the previous section.
In the case G b = G a = 0, that is, when the interband coupling from the upper to lower band is similarly constrained as for the reverse process, the asymptotic state is given by a Mott-like state in the upper band, i.e., |ψ t 1/|Ja| ∼ |000 · · · ; 111 · · · . Note that, since this also happens under the condition Γ a > Γ b , the upper band Mott state is the most stable state possible in the asymptotic regime. Here, no G x -coupling will produce a transition between the bands because at least one doublon in the upper band has to be dynamically created. However, higher single site occupation will be removed rapidly by the dissipation. In the inset of Fig. 4-(b) we show the saturation of the population inversion in time, which goes to M t → 1 for the case G a = G b . After numerical inspection of the expansion coefficients, in both cases, i.e. N/L = {2/2, 4/4}, the asymptotic state is |ψ t 1/|Ja| ≈ |000 · · · ; 111 · · · .
In Fig. 4-(b) we plot the average value of M t for N/L = 2/2 (black line) and N/L = 4/4 (green line) with and without the G b -coupling term. The Mott state is still locked by the Zeno effect when g ∈ [0, 1] while for g > 1 the interband dynamics is no longer prohibit, i.e., Zeno dynamics is no longer seen. For N/L = 4/4, the saturation values for M t is far from the perfect interband balance M t = 0 and the final superposition state is mainly dominated by the state |1000; 2010 . Despite that there is still entanglement in the system, it is difficult to see a relevant structure of the asymptotic state in contrast to what is found in Ref. [12] . However, if G b = 0 the upper-band Mott state continues to show up for N/L = 4/4.
IV. CONCLUSIONS
We presented an effective Hamiltonian model for a twoband BH system in the presence of correlated interband tunneling processes. Our model accounts for the regime in which the doublon formation in the bottom band induces interband transport. Motivated by some recent results on quantum many-body systems [25] , we opened the system, to explore the interband dynamics. With this model, we built an scheme for the preparation of superposition states. Additionally, we found that for the smallest non-trivial system our scheme allows us to drive the system towards a state that resembles a Bell state in the case of strongly constrained interband coupling from the lower to the upper band, while if both direction in the interband coupling are equally constrained, an upper-band Mott state occurs in the asymptotic dynamics. We presented signals of frozen quantum dynamics in a partially opened system, that is, top band open, bottom band closed, and we were able to relate that with the quantum Zeno effect in interband transport, see also [6] . The interband dynamics can be unfrozen by the controlled opening also of the bottom band. Finally, we have shown that the quantum Zeno effect in the interband dynamics still appears for larger systems.
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